We study η-deformations of principal chiral model (PCM) from the viewpoint of a 4D Chern-Simons (CS) theory. The η-deformed PCM has originally been derived from the 4D CS theory by Delduc, Lacroix, Magro and Vicedo [arXiv:1909.13824]. The derivation is based on a twist function in the rational description. On the other hand, we start with a twist function in the trigonometric description and discuss possible boundary conditions. We show that a certain boundary condition reproduces the usual η-deformed PCM and another one leads to a new kind of Yang-Baxter deformation.
adopting an appropriate boundary condition. In other words, the choice of the meromorphic 1-form and boundary condition determines the associated integrable field theory.
On the other hand, some techniques to perform integrable deformation are also useful for generating new integrable field theories. For example, there has been much progress for systematic ways to discuss integrable deformations of 2D non-linear sigma model, such as the Yang-Baxter deformation [4, 5] and the λ-deformation [6, 7] . The Yang-Baxter (YB) deformation was originally invented for 2D principal chiral model (PCM) with the modified classical Yang-Baxter equation (mCYBE) [4, 5] and then generalized to the symmetric coset case [8, 9] and to the homogeneous classical Yang-Baxter equation (hCYBE) [10, 11] . In particular, the YB deformation based on the mCYBE is often called the η-deformation.
In the very recent, Delduc, Lacrox, Magro and Vicedo succeeded in discussing the YB deformation [12] along with the Costello-Yamazaki proposal [3] . A profound discovery made in [13] is that the meromorphic function is nothing but a twist function characterizing the classical integrable structure. That is, by starting with the associated twist function, the meromorphic 1-form in [3] is automatically determined. Then one can figure out the wellknown integrable deformations as the associated boundary conditions.
In this paper, we are concerned with a realization of the η-deformation of 2D PCM in [12] . Assume that the dynamical variable g of PCM takes a value in a Lie group G.
Then the PCM has the left and right symmetries, G L and G R , respectively. Under the η-deformation, one of them is broken to U (1) r , where r is the rank of G . In our later discussion, we will suppose that G R is broken while G L remains unbroken. The resultant U (1) r symmetry can be regarded as the level zero part of an affine extension of q-deformed G R , U q (g R ) [8, 14] , while the unbroken G L is enhanced to the Yangian algebra Y (g L ) [14, 15] .
It is remarkable that the left-right duality is still realized in a non-trivial way even after performing the η-deformation [16] . According to this duality, there are two manners to describe the dynamics of the η-deformed PCM, 1) the trigonometric description (based on U q (g R )) and 2) the rational description (based on Y (g L )), and the two descriptions are equivalent under a certain relation of spectral parameters [16] . According to the two ways, one may consider two kinds of twist functions. In the work [12] , a twist function in the rational description is utilized.
Our purpose here is to revisit the η-deformed PCM by starting with the trigonometric description. Then the spectral parameter takes a value on a cylinder rather than a sphere. This cylinder is equivalent to a couple of spheres and actually half of them has been utilized in [12] . To derive the deformed action and the associated Lax pair, it is enough to consider one of them. But the whole symmetry algebra cannot be realized. On the other hand, by starting from the trigonometric description, we can discuss the whole space of spectral parameter by construction, and hence we could not only reproduce the usual results on the η-deformed PCM, but also discover a new type of YB deformation as a byproduct. This is the main result of our paper. This paper is organized as follows. Section 2 gives a short review of the work [12] by focusing upon the η-deformed PCM. In Section 3, we study the η-deformed PCM by employing the trigonometric description. In particualr, the range of spectral parameter becomes twice in comparison to the analysis in Section 2. Two boundary conditions lead to the usual results and a new type of YB deformation, respectively. In Section 4, the left-right duality is discussed in the η-deformed PCM. Section 5 is devoted to conclusion and discussion. Appendix A explains the details on how to find appropriate boundary conditions. In Appendix B, we discuss a specialty of the SU (2) case. In particular, the two boundary conditions are related by a singular gauge transformation. Appendix C discusses a scaling limit of the η-deformed SL(2, R) PCM at the level of twist function.
η-deformed PCM from 4D CS theory
This section provides a short review on a procedure to derive 2D integrable sigma models from a 4D CS theory [3, 12] and describes how to derive the η-deformed PCM by the rational description 1 .
4D CS action
Let G C be a complexified semisimple Lie group with Lie algebra g C equipped with a nondegenerate symmetric bilinear form ·, · : g C × g C → C . The bilinear form ·, · is also adjoint-invariant: (2.1)
In the following, we will consider a g C -valued gauge field A defined on M × CP 1 . Here M is a 2D Minkowski space with the coordinates x i = (x 0 , x 1 ) = (τ, σ) and the metric is given by η ij = diag(−1, +1) . The global holomorphic coordinate of CP 1 := C ∪ {∞} is denoted by z . This CP 1 geometry characterizes the rational class of integrable system. By following [3] , we shall begin with a 4D CS action,
Here ω is a meromorphic 1-form defined as ω := ϕ(z)dz , (2.3) where ϕ is a meromorphic function defined on CP 1 . Remarkably, this function has been identified with a twist function characterizing the Poisson structure of the underlying integrable field theory [12] .
In the following discussion, the pole and zero structure of ϕ will play a significant role.
The set of poles and zeros of ϕ is denoted as p and z , respectively. It should be remarked that at each point of z, the 1-form A needs to have a pole of the same order with zero because otherwise the action (2.2) is degenerate and hence the equations of motion at z cannot be determined.
As usual, the CS 3-form is defined as
4)
where A is a g C -valued 1-form
Note here that the z-component can always be ignored because the action (2.2) has an extra gauge symmetry
due to the holomorphicity of ω in (2.3) , hence the gauge condition A z = 0 can be realized.
With respect to the gauge field A , a variation of the action (2.2) is expressed as
where the field strength F (A) := dA + A ∧ A and A is assumed to vanish at the boundary of M × CP 1 . Then the variation (2.7) indicates that the action (2.2) has stationary points specified by the bulk equation of motion [12] .
The bulk equation of motion (2.8) can be expressed in terms of the component fields:
The factor ω is kept in order to cover the case ∂zA σ and ∂zA τ are distributions on CP 1 supported by z .
It is also helpful to rewrite the boundary equation of motion (2.9) into the form x∈p p≥0 
Gauge invariance
Let us discus here the gauge invariance of the action (2.2) .
One may consider a transformation
where u is a G C -valuded function defined on M × CP 1 . Under this transformation, the field strength F (A) transforms as
At the off-shell level, the action (2.2) transforms under the transformation (2.14) as preserves the boundary equation of motion is called a "gauge transformation", and 2) a general off-shell gauge transformation is called a "formal gauge transformation".
Lax form
Let us then introduce the Lax form.
Considering a formal gauge transformation
for a smooth functionĝ : M × CP 1 → G C , we can always choose the gauge which is referred to as the Lax form. This will be regarded as a Lax pair for 2D theory in our later discussion.
In terms of the Lax form L, the bulk equations of motion are expressed as
It follows that L is a meromorphic 1-form with poles at the zeros of ω , namely z is regarded as the set of poles of L . Note here that because the transformation (2.19) is just a formal gauge transformation, the Lax form L does not satisfy the original boundary condition (2.9).
By substituting (2.19) into the action (2.2) and using the relation (2.16) , one can obtain the following expression:
This is still a 4D action. In order to get a 2D action from this expression, one needs to discuss a bit more as explained in the next subsection.
From 4D to 2D via the archipelago conditions
As explained in [12] , ifĝ satisfies the archipelago conditions, which will be defined below, the action (2.24) can be reduced to the 2D action with the WZ term for each point in p .
The archipelago conditions forĝ are defined as follows:
iii)ĝ| M×Ux depends only on τ, σ and the radial coordinate |ξ x | where ξ x is the local holomorphic coordinate, iv)ĝ| M×Vx depends only on τ and σ, that is, g x :=ĝ| M×Vx =ĝ| M×{x} .
The conditions i) and ii) can always be satisfied thanks to a gauge transformation, but it is necessary to take an appropriate boundary condition so as to satisfy iii) and iv) . The archipelago conditions say that L and A are identical outside the "islands" U x but they may be different inside U x . To be more precise, while the Lax form L is meromorphic in M × CP 1 due to the bulk equation of motion (2.23), A is modified to satisfy the boundary equation of motion (2.9) by a formal gauge transformation in the islands U x .
Ifĝ satisfies the archipelago conditions, the 4D action (2.2) can be reduced into a 2D action with the WZ term by performing an integral over CP 1 . The resulting action is given by
where R x is the radius of the open disk U x . Due to the archipelago conditions iii), only the integral with respect to the radial direction remains in the second term of (2.25).
Note here that the action (2.25) still has a 2D gauge invariance. Under the transformation with a gauge parameter h : M → G , It is further possible to impose the reality condition of the resulting action (2.25) as a sufficient condition by restricting the forms of ω and the boundary conditions on A. For the detail, see [12] .
The η-deformed PCM from the rational description
It is instructive to explain how to derive the action of the η-deformed PCM and the associated Lax pair, as an example. We employ the rational description as in [12] , though the left and right symmetries of PCM are exchanged here. Namely, the left symmetry is broken in [12] while the right symmetry is broken in our discussion for the comparison with the results obtained in [11, 16] .
Let us begin with a twist function ϕ given by [14, 16] For concreteness, we set c = i in the following. Then the twist function (2.27) reads
(2.29)
Then the meromorphic 1-form ω has simple poles p 1 = {±iη} , double pole p 2 = {∞} and single zeros z = {±1} .
Since the residues satisfy res −iη ω = res +iη ω , the boundary equation of motion (2.13) can be expressed as
(2.30)
Here ·, · g C ;±iη : g C × g C → R is the non-degenerate symmetric adjoint-invariant bilinear form defined as
x, x g C ;±iη := 2 Re ((res +iη ω) x, x ) ,
To solve the boundary equation of motion, we set the following conditions:
32)
The second condition (2.33) ensures that the first term of (2.30) vanishes and the first one (2.32) deletes the second and third terms. The boundary condition (2.32) means how to decompose the Lie algebra g C = g R ⊕ g. Here, the set (g C , g R , g) is a Manin triple, and the fact that g R is a Lie subalgebra of g C plays a crucial role to satisfy the archipelago conditions iii) and iv) preserving the boundary equation of motion (2.30).
The general discussion suggests that the Lax form L should have single poles at points in z . Hence it is natural to assume the following expression of L:
Here σ ± are the light-cone coordinates on M defined as
and V ± , U ± : M → g C are smooth functions. Using the 2D gauge symmetry and the freedom accompanied with the choice of the Lie subalgebra of g C allow us to set an archipelago type fieldĝ likeĝ
Here g : M → G is a smooth function and the realty of g is ensured by appropriate equivariant property ofĝ as discussed in [12] .
Then the relation between A and L (2.19) leads to
where Ad g is defined as
The boundary conditions (2.32) and (2.33) can be expressed explicitly as
Introducing the left-invariant 1-form j := g −1 dg and R g := Ad −1 g •R • Ad g , the unknown functions V ± and U ± are determined by combining (2.34), (2.37) and (2.39) as
As a result, the Lax form is given by
(2.41)
Finally, let us evaluate the 2D action (2.25) . The residues res ±iη (ϕL) are computed as
42)
andĝ −1 dĝ| ∞ = 0 . Hence the resulting action is given by
The action (2.43) and the Lax form (2.41) are equivalent to the ones of the η-deformed PCM [4, 5] .
From the trigonometric description
In this section, we will start from a twist function in the trigonometric description and try to reproduce the η-deformed PCM. Then the spectral parameter z R takes a value on a cylinder rather than CP 1 parametrized by z L . The cylinder geometry is a characteristic of the trigonometric class of integrable system and z R should be distinguished from z L [16] (though they are related each other via a certain relation, as will be explained later).
In fact, the cylinder is equivalent to a couple of CP 1 's and actually in the preceding analysis half of them has been utilized and hence half of the space of spectral parameter is covered. But by starting from the trigonometric description, one can discuss the whole space of spectral parameter by construction.
To derive the deformed action and the associated Lax pair, it is enough to consider one of the CP 1 's. But the whole symmetry algebra cannot be realized. For example, in the trigonometric description, a couple of Yangians are derived by expanding the monodromay matrix and each of them corresponds to each CP 1 . Hence obviously, only half of the symmetry algebra is realized.
In the analysis here, by starting from the trigonometric description, we could not only reproduce the well-known result, but also discover a new type of YB deformation as a byproduct. This is the main result of our paper.
Twist function
The meromorphic 1-form ω in the trigonometric description [14, 16] is given by
where α is a pure imaginary parameter. Since ϕ c (z R ) has the following periodicity:
the fundamental region of z R can be take as
This cylinder C/Z can be mapped to a plane C × := C\{0} via the map
Then ω in (3.1) is rewritten as
In the following, we take w R as the global holomorphic coordinate.
Zeros and poles of ω
The meromorphic 1-form ω in (3.5) has single zeros 6) and the set of single poles p 1 and double poles p 2
The residues at the poles are given by
where the local holomorphic coordinates are defined by ξ ±1 := w R ∓ 1. 
The boundary condition
In the 4D CS theory (2.2), the base space M × CP 1 is replaced by M × C × . However, the bulk and boundary equations of motion in (2.8) and (2.9) remain unchanged.
For ω in (3.5) , the boundary equation of motion (2.13) is expressed as
Then the sufficient conditions are given by
where the above bilinear forms are defined as, respectively, To satisfy these boundary conditions, we assign Drinfeld doubles to the bilinear forms as follows:
for w R = 1, −1 , and
for w R = 0, ∞ . Here g ab is an abelian copy of g . Then g δ and g R are defined as
As a result, A i is supposed to satisfy
For a short review of Manin triple and Drinfeld double, see Appendix A.
These choices indeed ensure that the boundary conditions are satisfied, because {0} g ab and g R are isotropic with respect to the bilinear forms defined above, that is, (0, y), (0, y ) t;1 = tanh α( 0, y + 0, y ) = 0 , (3.23) (0, y), (0, y ) t;−1 = − tanh α( 0, y + 0, y ) = 0 , (3.24)
Note here that the anti-symmetricity of R has been utilized in (3.25) .
In addition, these subspaces are found to be Lie subalgebras of t and g C ×g C , respectively.
Thus these conditions are sufficient to derive 2D action.
Lax form and 2D action
Next, let us determine the associated Lax form and 2D action.
The first is to determine the Lax form L . The meromorphic 1-form ω has four single zeros in z , hence the Lax form should have simple poles at z . Assume that the light-cone components of L are represented by 
(3.29)
Thus, by using the relation (2.19) , one can obtain the following expressions:
Thanks to the 2D gauge invariance and the choice of the Drinfeld double at w R = 0, ∞ , one can setĝ
For the other poles, one may introduce two degrees of freedom g andĝ as follows:
Then for each of them, the left-invariant 1-form can also be introduced as
Thus the boundary conditions (3.30)-(3.33) lead to
These relations can be solved by
Thus the components of L in (3.26) and (3.27) are given by
Then it is possible to put together these expressions into a single form like
where a deformation parameter η has been introduced as
The last expression of L will be useful for our later discussion.
Next, let us derive the deformed action by evaluating the master formula (2.25) . The residues necessary for the derivation are computed as
Note that for these residues, the contributions from U ± vanish because ω has no residue.
Using the fact
the resulting 2D action is given by
(3.53)
In terms of the deformation parameter η , the action can be expressed as
(3.54)
Relatingj to j
So far, the reuslting Lax form and 2D action are written in terms of j andj . In order to reproduce the well-known results, one needs to impose some relation between j andj likej = f (j) so as to removej . It seems likely that there should be some choices for the relation.
Note firstly that the action (3.54) is invariant under exchange of j andj . This fact requires that any relationj = f (j) must exhibit the Z 2 -grading property f (f (j)) = j . In the following, we start with j and discuss for the relation toj . Then, in order forj to satisfy the bulk and boundary equations of motion (2.8) and (2.9), the flatness condition forj ,
must be satisfied. In summary, the relationj = f (j) has to satisfy the Z 2 -grading f • f = 1 and preserve the flatness condition forj .
A trivial relation 2 is given by
It works for any Lie algebra g and reproduces the action (2.43) of the η-deformed PCM, as we will see later.
One may consider another choice ofj if g is supposed to be a simple Lie algebra. The commutation relations in the standard Cartan form are given by
where H a are the elements of the Cartan subalgebra of g . An important point is that the commutation relations (3.57) are invariant under the following transformation: 3
for a fixed b ∈ {1, 2, . . . , r} , say b = 1 . Suppose here that the first component of the roots α can be expressed as
whereᾱ (∈ C) is a constant.
In fact, this condition is satisfied for su(n) . Explicitly, the weights for the defining representation of su(n) are given in the standard form: (For example, see [18] )
, . . . , 1 2(n − 1)n , where Σ : g C → g C is defined as
The exponential map (3.62) corresponds to the choice λ = −iπ/ᾱ and b = 1 in (3.58).
Indeed,j satisfies the same flatness condition (3.55) as j , and satisfies the Z 2 -property:
Hence one may take this configuration. Indeed, the commutation relations in (3.57) imply that the Lie algebra has a Z 2 -grading by assigning the grade 0 and 1 for the spaces where k α is even and odd, respectively.
i) Solution withj = j
Let us first consider the configurationj = j . In this case, the Lax pair (3.45), (3.46) becomes
(3.65)
In terms of z R , the Lax pair (3.65) can be rewritten as
This expression is precisely the η-deformed Lax pair [5] with the spectral parameter λ R = tanh z R / tanh α and the deformation parameter η . Note that the periodicity of the Lax pair (3.66) is
The associated action can be obtained by settingj = j in (3.54) as
This expression is again equivalent to the action (2.43) for the η-deformed PCM [4, 5] .
The su(2) case As an example, let us consider the case of the Lie algebra g = su(2) . The generators T a (a = 1, 2, 3) of su(2) are introduced as
where ε abc is a totally antisymmetric tensor normalized as ε 123 = +1. The left-invariant 1-form j is then expanded as
where T ± are linear combinations of T 1 and T 2 defined as
Let us take the R-operator of the Drinfeld-Jimbo type [19, 20] such that
Then, the Lax pair (3.66) can explicitly be rewritten as
The Lax pair (3.73) takes the same expression as (4.22) in [16] .
ii) Solution withj = exp(πΣ) j
Next, let us consider the casej = exp(πΣ) j . In this case, the Lax pair (3.48) takes the form
Note that the periodicity of the Lax pair (3.74) is
To rewrite the 2D action (3.54), we expand the left-invariant current j ± as
76)
By substituting this expansion into (3.54) and taking the R-operator of the Drinfeld-Jimbo type [19, 20] R(E ±α ) = ∓iE ±α , R(H a ) = 0 , (3.77) we obtain
(3.78)
Here we have used the fact that
Note that in the second line of the action (3.78), (exp(πΣ) + 1)/2 is a projection to the space where k α is even.
It is convenient to rewrite the action (3.78) in terms of the R-operator. To this end, by using the relation
(3.80) the above action (3.78) can be rewritten as Usually, only the factor 1/(1 − ηR) is utilized, but here 1/(1 + ηR) appears as well. The target-space metric obtained from this action is the same as the usual one because the metric depends only on η 2 . The coupling to the B-field is also different because it depends on the new ingredient Σ .
As a remark, it may be interesting to compare the overall factors of (3.68) and (3.81 ) .
The extra factor 2 is multiplied in (3.68 ) in comparison to (3.81 ) . If we consider the solution i) as the deformation by two 1/(1 − ηR)'s, then this factor 2 can be naturally explained.
Namely, in the solution i), one should have appreciated (3.82) and in the solution ii), one of them is replaced by 1/(1 + ηR) . This property would deserve to be called "chirality".
The su (2) case For completeness, we will give explicit expressions of the Lax pair and the action for the su(2) case. In this case, the operator Σ may be identified with the R-operator which appeared in the mCYBE (2.28) since the su(2) algebra does not have non-Cartan generators with even k α j . The Lax pair forj = exp(πR) j can be obtained by using (3.47) as
They can be expressed in terms of z R = log w R as
The action is also determined as,
The Lax pair (3.85) and the action (3.86) are the ones for the squashed sigma model [21, 22] .
Finally, let us note that the above action can be rewritten into a dipole-like form. To see this, we introduce the deformed currents as
87)
(3.88) By using the action (3.72) of the R-operator, these deformed currents are expressed as 5
where ε ij is the anti-symmetric tensor and normalized as ε τ σ = 1 . By using the expression (3.89), we can obtain
(3.90)
The left-right duality
In this section, we shall discuss the left-right duality in the η-deformed PCM.
As mentioned previously, the space described by w R is different from the one of z L .
However, the spetral parameters are related through a Möbius transformation [16] 1
In fact, the transformation (4.1) maps the twist function (2.27) of the rational description to that of the trigonometric description (3.5) like
where we have used η = i tanh α , and set K = 1 + η 2 for simplicity. The transformation (4.1) was originally discovered in [16] to show the left-right duality in the squashed S 3 sigma model.
Since the transformation (4.1) contains the square of w R , we have to take care about the parameter region of w R . Solving (4.1) in terms of w R , we obtain
.
(4.3)
This map implies that there is a branch cut between +iη and −iη on each Riemann sphere parameterized by z L ± . Namely, C × with w R (or the cylinder with z R ) is regarded as the space
in [16] .
constructed by joining two CP 1 's with z L ± via the cut. In [16] , with this global picture of spectral parameter space, the left-right duality has been revealed at the level of the affine charge algebras for the su(2) case.
By taking the Lax pair (3.65) in the trigonometric description, the monodaromy matrix is given by
where the symbol P denotes the path-ordering as usual. The τ and σ components of the Lax pair are given by
Here we suppose the boundary condition that the left-invariant 1-form j vanishes at the spacial infinity. By expanding T R (w R ) around w R = 0 and ∞ , the generators of a quantum affine algebra U q (g R ) can be obtained [14] . One can show the global equivalence at the level of the monodromy matrix (or equivalently conserved charges) between the trigonometric and rational descriptions by following [16] .
It is also worth mentioning about the local equivalence at the level of the Lax pair.
Namely, the Lax pair (3.66) is related to the Lax pair for the rational description (2.41) by the standard gauge transformation:
where we use the relation between the spectral parameters
Note here that only half of the parameter region of z R
is covered while z L + spans the whole space of C .
So far, we have discussed the solution i). For the solution ii), we need to consider more carefully. This issue is left as a future problem.
Conclusion and Discussion
In this paper, we have discussed η-deformations of PCM from the viewpoint of a 4D CS theory. In comparison to [12] , our discussion has started with the trigonometric description rather than the rational one. A significant difference is the region of the space of spectral parameter and in the trigonometric description, the whole region is covered by construction while in the rational one, another copy of the system should be taken into account. As a result, the well-known η-deformed PCM action and its Lax pair have been successfully reproduced as a trivial choicej = j . In addition, by introducing the Σ map, another solution has been discovered as a byproduct. The resulting action is not the usual form of the YB-deformed PCM because the factor 1/(1 + ηR) is also contained as well as 1/(1 − ηR)
in a symmetric way and the B-field depends on the Σ map. Hence this should be a new-type of YB-deformation.
It is significant to generalize this new-type of YB-deformation to the symmetric coset case and type IIB string theory on AdS 5 ×S 5 by following [8, 9] . The coupling to the B-field is different from the usual YB deformation, and so the other components like R-R fields and dilaton other than the metric would be modified due to the appearance of the new ingredient Σ . We will report some results in another place [23] .
As another direction, it would be nice to consider a connection between our result and the λ-deformation. It is well known that the η-deformed PCM is related to the λ-model [6, 7] via the Poisson Lie T-duality [24, 25] . So it is interesting to discuss our result from the point of view of the λ-model. For recent work on λ-deformed PCM concerning with 4D CS theory, see [26, 27] .
It may also be interesting to try to generalize our results to the hCYBE case. In particular, it seems difficult to generalize the Σ map to the hCYBE case. It may be useful to employ a scaling limit as discussed in Appendix C.
We hope that our result would shed light on the relation between the global structure of the spectral parameter space and the YB deformation.
i) Semi-abelian double
By definition, the double bracket is a symmetric non-degenerate inner product on a vector space t which is isomorphic to the direct product of two g s ,
We first discuss the Lie algebra structure of t . For this purpose, we consider a group multiplication of G s g s which has (g, A) := (g, g∂ ξ g −1 ) as an element. The multiplication rule of G s g s is induced by a group multiplication of G s . To this end, let us consider
where A i = ∂ ξ g i g −1 i (i = 1, 2) and Ad g (x) = g · x · g −1 for x ∈ g s . By using this rule, the inverse of (g, A) is given by
Then, the right-invariant current is 15) and the adjoint action is given by
where h ∈ G s . This adjoint action implies that the vector space t has the following Lie algebra commutator 17) and the inner product (A.9) is adjoint invariant. In fact,
In the final equation, we used the fact that the inner product ·, · is adjoint invariant.
We will consider the inner product (A.9) and the commutator (A.17) in more detail.
For this purpose, let us introduce generators T a ,T a of two vector subspaces k ,k which are expressed in terms of generators t a (a = 1, . . . , d ≡ dim g s ) of g s as T a = (t a , 0) ,T a = (0, t a ) .
Here t a := t b η ab , where η ab is the Kliing form of g s , and the generators t a are normalized as
Then, the generators T A = (T a ,T a ) satisfy
where η AB is defined in (A.3). Equivalently, k andk are maximally isotropic with respect to the inner product · , · t,x . The commutation relations of T A = (T a ,T a ) are given by
where f ab c are the structure constants of g s . This implies
where g s,ab is an abelian algebra with dim g s,ab = d . Furthermore, the generators T A satisfies the Jacobi identity
Therefore, t is a Drinfeld double with a Manin triple (t, k,k) and the inner product (A.9).
The Drinfeld double t is often called a semi-abelian double.
As a result, we can solve the boundary e.o.m. by requiring
If we take the second boundary condition, we obtain the PCM with G s .
where we introduced the R-operator R : g s → g s defined as In this way, the Manin triple (t, g s {0}, g s,R ) is generated from (t, k,k) by the O(d, d) transformation (A.30). In particular, this fact leads to that the homogeneous YB deformations can be regarded as β-transformations [29, 34, 35] .
As in the previous case, we can solve the boundary equations of motion by taking the boundary conditions,
The second choice gives the homogeneous YB deformation of the G s -PCM associated with the classical r-matrix (A.28).
B A speciality of SU (2)
Let us consider the SU (2) case for the general discussion in Subsection 3.4. Although there are two solutions i)j = j and ii)j = exp(πΣ)j , they are locally equivalent because the resulting actions in (3.68) and (3.81) are equivalent up to total derivative due to a speciality of SU (2) . Hence one may anticipate a connection between the solution i) and ii) . Indeed, this is the case. We show that the two solutions are related via a singular formal gauge transformation.
The Lax pair L and an extra gauge transformation (2.6) . Recalling that the boundary conditions in (3.28) lead toĝ C η-deformed SL(2, R) PCM and scaling limit Here, let us consider an η-deformation of SL(2, R)-PCM. In this case, the target space becomes a warped AdS 3 geometry. Then one may consider a scaling limit of this geometry [36] and the 3D Schrödinger spacetime [37] . We shall revisit this scaling limit at the level of a meromorphic 1-form ω .
C.1 Notation and classical r-matrices with sl(2, R)
We first introduce the notation of the Lie algebra sl(2, R) .
Let T a (a = 0, 1, 2) be the generators of sl(2, R) satisfying the commutation relations
Here ε ab c := ε abd η dc , η ab = diag(−1, 1, 1) and the antisymmetric tensor ε abc is normalized as ε 012 = 1 .
By using the Pauli matrices σ a , the generators can be represented by
The bracket ·, · in the deformed action where r s , r t , and r t are called the space-, time-, and light-like r-matrices, respectively. The space(time)-like r-matrix r s (r t ) solves the mCYBE of (non-)split type, and the associated YB deformed AdS 3 is called the space(time)-like warped AdS 3 spacetime. The light-like r-matrix r l satisfies the hCYBE, and the associated YB deformed AdS 3 is the Schrödinger spacetime [11] . The space-like and time-like cases may also be called η-deformations.
As explained in [36] , the light-like case is realized as a scaling limit of the space(time)-like warped AdS 3 spacetime.
C.2 A scaling limit of the η-deformed SL(2, R) PCM
We consider here the light-like case by taking a scaling limit of the η-deformed SL(2, R)
PCM associated with the time-like r-matrix r t in (C.5) .
Let us start with the η-deformed action,
whereη is a positive real paramter and g ∈ SL(2, R) . The R-operator R t : sl(2, R) → sl(2, R) associated with the time-like r-matrix r t in (C.5) is defined as
This scaling limit can be seen at the level of a scaling limit of the meromorphic 1-form ω (3.1) in the trigonometric description. As in [36] , rescale the spectral parameter z R as z R = αz R , (C.15) and take a limit α → 0 . Then, the limit of ω in (3.1) leads to a newω as follows:
Thisω is a meromorphic 1-form for the homogeneous YB deformed PCM (or equivalently a twist function of the deformed system for the light-like case).
